The momentum or transverse momentum spectra of antiprotons produced at mid-rapidity in protonhelium (p+He), gold-gold (Au+Au), deuton-gold (d+Au), and lead-lead (Pb+Pb) collisions over an energy range from a few GeV to a few TeV are analyzed by the Erlang distribution, the inverse power-law (the Hagedorn function), and the blast-wave fit, or the superposition of two-component step function. The excitation functions of parameters such as the mean transverse momentum, initial state temperature, kinetic freeze-out temperature, and transverse flow velocity increase (slightly) from a few GeV to a few TeV and from peripheral to central collisions. At high energy and in central collisions, large collision energy is deposited in the system, which results in high degrees of excitation and expansion.
Introduction
Temperature is an important concept in thermal and statistical physics, high energy and nuclear physics, as well as other scientific fields [1] . In high energy collisions, temperature is expected to decrease from initial state to final state due to the evolution of the interaction system. Both initial and final state temperatures are expected to obtain from particle spectra measured in experiments. In particular, the final state temperature is in fact the kinetic freeze-out temperature (T 0 ) which is writhen to transverse flow velocity (β T ) [2] [3] [4] . Both T 0 and β T can be extracted from transverse momentum (p T ) spectra of particles. It is expected that the initial state temperature (T i ) can also be obtained from p T spectra [5] .
Generally, to obtain temperatures such as T i and T 0 and transverse flow velocity such as β T , one should describe p T spectra in the first place. In some cases, these parameters are related to the models or functions which are used in the fits to p T spectra. In other cases, these parameters are related to the types of particles due to the non-simultaneity in the process of particle emissions. These parameters are also related to collision energy, system sizes, and collision centralities. The dependences of parameters on various factors are complex. It is very useful to find out these dependences in the understanding of collision process.
Similar to different thermometric scales or thermometers in thermal physics, one also expect a technical method to be used in the description of p T spectra, which should result in some parameters which are model or function independent. Obviously, the average p T ( p T ) and the root-mean-square p T ( p 2 T ) are model or function independent, which are particularly determined by experimental data themselves, though p T spectra in experiments are not refined in full phase space. The interested parameters are expected to relate to p T and p 2 T . How do particles collide in high-energy collisions? What excitation and expansion degrees of emission source can be reached in collision process? We are interested in these and related issues based on the particle p T spectra in experiments. It is a novel and useful method to explore the particle collision mechanism from the point of view of the initial state temperature T i and the final state kinetic freeze-out temperature T 0 of the emission source. Generally, transverse flow velocity β T is accompanied by T 0 in the analyses. In particular, both T 0 and β T are considerable at high energies.
There are various models or functions being used in the analyses of p T spectra. For example, in the framework of multisource thermal model [6] [7] [8] [9] , we could get the mean transverse momentum p T of particles and the initial state temperature T i of emission source from fitting the p T spectra described by the Erlang distribution [7] [8] [9] which contains the sources number n s and the mean transverse momentum p t contributed by each source. Meanwhile, we could obtain the parameter values in the Hagedorn function [10, 11] by using the same method, that is the method of fitting the p T spectra. In particular, both T 0 and β T can be obtained from the blast-wave fit [12] [13] [14] [15] with remarkable coordination. Early blast-wave fit is based on Boltzmann-Gibbs statistics [12] [13] [14] and the subsequent one is based on Tsallis statistics [15] .
In the rest of this paper, the Erlang distribution, the Hagedorn function, and the blast-wave fits are given first in section 2. Then, in section 3, these three kinds of distributions are used to preliminarily fit the momentum and transverse momentum spectra of antiprotons produced in high energy collisions. Several representative groups of transverse momentum spectra are selected to represent and summarize the changing laws of the initial and final state temperature and other parameter values. Finally, in section 4, we give our summary and conclusions
Formalism and method
i) The Erlang distribution Firstly, we discuss uniformly hard and soft collision processes in the framework of the multisource thermal model [6] [7] [8] [9] . According to the model, a given particle is produced in the collision process where a few partons have taken part in. The hard process contains two or three partons which are valence quarks. The soft process contains usually two or more partons which are gluons and sea quarks. Each (the i-th) parton is assumed to contribute to an exponential function [f i (p t )] of transverse momentum (p t ) distribution. Let p t denotes the mean transverse momentum contributed by the i-th parton, we have the probability density function of p t to be
The contribution p T of all n s partons which have taken part in the collision process is the folding of n s exponential functions [7] [8] [9] . We have the p T distribution f (p T ) (the probability density function of p T ) of final state particles to be the Erlang distribution
which has the mean transverse momentum p T = n s p t , where N denotes the number of particles and n s = 2-5 in most cases.
ii) The Hagedorn function The Hagedorn function is generally suitable to describe the p T spectra of heavy flavor particles which are expectantly produced from the hard scattering process and distributed usually in a wider p T range. In general, the wider p T range is from 0 to the maximum p T . In refs. [10, 11] , an inverse power-law results in the probability density function of p T to be
where p 0 and n are the free parameters, and A is the normalization constant. Eq. (3) is an empirical formula inspired by quantum chromodynamics (QCD). We also call this type of inverse power-law the Hagedorn function [10] , though the inverse power-law is more famous in the community. In some cases, Eq. (3) is possible to describe the spectra in low p T range which is contributed by the soft excitation process. In fact, the spectra contributed by the hard and soft processes represent sometimes similar trend due to the similarity which is widely existent in high energy collisions [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . Meanwhile, Eq. (3) can be revised in different ways [27] [28] [29] [30] [31] [32] [33] which result in low probability in low p T or high p T region by using the same or similar parameters. We shall not discuss anymore the revisions of Eq. (3) to avoid trivialness.
iii) The blast-wave fit We are also interested in the blast-wave fit with Boltzmann-Gibbs statistics in its original form. According to refs. [12] [13] [14] , the blast-wave fit with BoltzmannGibbs statistics results in the probability density function of p T to be
where
is the transverse mass, m 0 is the rest mass, r is the radial coordinate in the thermal source, R is the maximum r which can be regarded as the transverse size of participant, I 0 and K 1 are the modified Bessel functions of the first and second kinds respectively, ρ = tanh
is the boost angle, β(r) = β S (r/R) n0 is a self-similar flow profile, β S is the flow velocity on the surface, and n 0 = 2 is used in the original form [12] . Generally,
rβ(r)dr = 2β S /(n 0 + 2). According to ref. [15] , the blast-wave fit with Tsallis statistics results in the probability density function of p T to be
where C 2 is the normalized constant, q is an entropy index that characterizes the degree of non-equilibrium, φ denotes the azimuthal angle, and n 0 = 1 is used in the original form [15] . Because of n 0 being an insensitive quantity, the results corresponding to n 0 = 1 and 2 for the blast-wave model with Boltzmann-Gibbs or Tsallis statistics are harmonious [34] . In addition, the index −1/(q −1) used in Eq. (5) can be replaced by −q/(q −1) due to q being very close to 1. This substitution results in a small and negligible difference in the distribution As we know, the blast-wave fit with BoltzmannGibbs statistics is consistent to the fit with Tsallis statistics. In many cases, one of them is enough to use in the dada analysis. In this work, we use only the blast-wave fit with Tsallis statistics, though the fit with Boltzmann-Gibbs statistics is also usable and acceptable. iv) Monte Carlo calculation based on p T distribution Based on one of probability density functions of p T discussed above and the assumption of isotropic emission in sources rest frame, we can obtain other quantities and distributions. In particular, if the analytic expression is difficult to obtain, we can use the Monte Carlo method to obtain some concerned quantities, and the distributions of these concerned quantities can be obtained by statistics. These concerned quantities include, but are not limited to, momentum, energy, rapidity, velocity, and others. Conversely, the concerned p T and its distribution can be obtained from other distribution and the assumption of isotropic emission in sources rest frame.
In the Monte Carlo method [35] , let R 1,2 denote random numbers distributed evenly in [0, 1] . Some discrete values of p T can be obtained due to the following limitation
where δp T denote a small shift relative to p T . When the reference frame is transformed along the longitudinal direction (z-axis), p T and its distribution do not changed determinately.
The change of rapidity in the transformation of reference frame should be satisfied
where y ′ denotes the rapidity of concerned particle in the sources rest frame, which can be obtained from the discrete values of p T and the assumption of isotropic emission, y is the rapidity after the transformation of reference frame, and y max and y min are the maximum and minimum rapidity shifts of the source before the transformation of reference frame. After the transformation of reference frame, the z-component (p z ) of momentum (p) can be given by
Naturally,
According to refs. [36] [37] [38] , the initial temperature is determined by
If the x-component (p x ) and y-component (p y ) of p are considered before or after the transformation of reference frame, we have
Obviously, T i is invariant in the transformation of reference frame. In the sources rest frame, if the zcomponent of momentum is p ′ z , we also have
due to the assumption of isotropic emission. dσ/dp (µb c/GeV)
Erlang distribution Inverse power-law 3 Results and discussion Figure 1 shows the momentum spectra, dσ/dp, of antiprotons (p) produced in proton induced helium (p+He) collisions at center-of-mass energy per nucleon pair √ s N N = 110 GeV, where σ denotes the cross-section. Corresponding to the left-upper, right-upper, and lower panels, the values of p T are limited in 0.4-0.7, 0.7-1.2, and 1.2-2.8 GeV/c, respectively. The circles presented in the three panels represent the experimental data of p measured by the LHCb Collaboration [39] . The data points are fitted by the Erlang distribution (the solid curves) and the inverse power-law (the dashed curves) respectively, which are obtained by using the Monte Carlo calculation based on Eqs. (2) and (3) respectively. In the calculations, the method of least square is used 1.109 ± 0.010 9.00 ± 0.02 48.00 ± 0.02 0.133/0.084 50.5-56. 7 1.199 ± 0.010 9.00 ± 0.01 48.00 ± 0.01 0.063/0.037 56.7-63. 5 1.288 ± 0.015 9.00 ± 0.02 48.00 ± 0.01 0.136/0.053 63.5-71.0
1.301 ± 0.015 9.00 ± 0.01 48.00 ± 0.01 0.162/0.106 71.0-79. 3 1.407 ± 0.020 9.00 ± 0.01 48.00 ± 0.01 0.113/0.125 79.3-88. 5 1.541 ± 0.020 9.00 ± 0.02 48.00 ± 0.01 0.113/0.153 88.5-98. 7 1.729 ± 0.020 9.00 ± 0.01 48.00 ± 0.01 0.190/0.065 98.7-110.0
1.739 ± 0.015 9.00 ± 0.01 48.00 ± 0.01 0.225/0.425 Table 2 . Values of pT , Ti, T0, βT , p0, and n corresponding to the curves in Figs. 3-5 . The values presented in terms of value1/value2 denote respectively the parameters of the first and second components. In all cases, q = 1.01 which is not listed in the table. The values of χ 2 /dof are in normal range and not listed in the table to reduce its length. Table 2 . Continued. to obtain the parameter values. The values of p T , p 0 , and n are listed in Table 1 with χ 2 per degree of freedom (dof). One can see that the LHCb experimental data on antiproton momenta in given transverse momentum ranges in p+He collisions at √ s N N = 110 GeV are approximately fitted by the Erlang distribution and the inverse power-law, where the Monte Carlo calculation is used to transform transverse momenta to momenta so that the momentum distributions can be obtained. Figure 2 shows the transverse momentum spectra, d
2 σ(pX)/dpdp T , ofp produced in p+He collisions at 110 GeV, where X denotes other products except for p. The symbols represent the LHCb experimental data in different momentum ranges [40] (the solid curves) and the inverse power-law Eq. (3) (the dashed curves) respectively. In the fit, the Monte Carlo calculation is used to select the momentum ranges and the method of least square is used to obtain the parameter values. The values of p T , p 0 , and n are listed in Table 1 with χ 2 /dof. One can see that the LHCb experimental data on antiproton transverse momenta in given momentum ranges in p+He collisions at 110 GeV are approximately fitted by the Erlang distribution and the inverse power-law, where the Monte Carlo calculation is used to transform transverse momenta to momenta so that the momentum ranges can be determined. The transverse momentum spectra, d
2 N/2πp T dp T dy, ofp produced in mid-rapidity interval (|y| < 0.5) in gold-gold (Au+Au) collisions at √ s N N = (a) 7.7 GeV, (b) 11.5 GeV, (c) 19.6 GeV, and (d) 27 GeV are presented in Fig. 3 . Different symbols represent the data measured by the STAR Collaboration in the collision centrality classes of 0-5%, 5-10%, 10-20%, 20-30%, 30-40%, 40-50%, 50-60%, 60-70%, and 70-80% [41] and scaled by different amounts marked in the panels. The solid, dashed, and dotted curves are our results fitted by using the Erlang distribution Eq. (2), the inverse power-law Eq. (3), and the blast-wave fit Eq. (5), respectively. The method of least square is used to obtain the parameter values which are listed in Table 2 , where only T i obtained from Eq (2) in the range of data available are listed. In some cases, a two-component superposed by usual step function is used [42] . The parameter values listed in Table 2 are then averaged by weighting the two components. Figure 4 is the same as [14, 43] . One can see that the STAR and LHCb experimental data on antiproton transverse momenta in different centrality classes in Au+Au, d+Au, and Pb+Pb collisions at high energies are approximately fitted by the Erlang distribution, the inverse power-law, and the blast-wave fit, though in some cases the two-component is needed. Table 2 , where only the Erlang distribution in the ranges of data available is used. In the ranges of data available, other two fits present similar results to the Erlang distribution. One can see that p T and T i increase slightly with the increases of collision energy and event centrality, where the centrality 0-5% is the largest in the data samples cited in this work. Table 2 , where only the blast-wave fit is used.
One can see that T 0 and β T increase slightly with the increases of collision energy and event centrality. The trends of T 0 , β T , p T , and T i are consistent with each other. These results are natural due to the fact that the system at high energy and with central centrality stays at the state with high degrees of excitation and expansion, in which large energy is deposited. Table 2 , where only the inverse power-law is used. One can see that, similar to other parameters (T 0 , β T , p T , and T i ) discussed above, p 0 also increases (slightly) with the increases of collision energy and event centrality. That is, p 0 also describes the excitation and expansion degrees of emission source, which results in large p 0 at high energy and in central collisions. Although n increases slightly with the increase of collision energy, it decreases slightly with the increase of event centrality. We think that n also describes the contribution fraction of hard scattering process, which results in large n at high energy and in peripheral collisions. Table 2 , where only the Erlang distribution in the ranges of data available is used.
There are fluctuations in the excitation functions (energy dependences) of considered parameters. These fluctuations can be regarded as the statistical fluctuations. To smooth these statistical fluctuations, more analyses are needed in future. In particular, more analyses are needed at energies below a few GeV which is even below the energy range of beam energy scan program [41] . We are very interested in this energy range due to the fact that it possibly contains the critical energy of phase transformation from hadronic matter to quark-gluon plasma. The excitation functions of some parameters are expected to appear with the minimum, maximum, corner, saturation, and/or limitation. The starting points of saturation and limitation are particularly worth to take attention.
Before conclusions, we would like to point out the mass dependence of main parameters [34, 42, 44, 45] . Generally, p T , T i , and T 0 increase with the increase of particle mass due to heavier particle corresponding to larger energy deposition. Contrarily, β T decreases with the increase of particle mass due to heavier particle having larger inertia. Although the absolute values of some parameters are model-dependent, the relative sizes are considerable. The average parameter can be obtained by weighting different yields of various particles. The weighted average of parameter values for various particles can be regarded as the mass-independent parameter value for given collisions. If the mass-independent parameter means simultaneous production and freeze-out, the mass-dependent parameter implies non-single scenario [46, 47] .
It is well known that nowadays the Tsallis distribution [48] [49] [50] is quite of use and seems to be very successful. In our previous work [4, 34, 42, 44, 45 we may use different functions to extract some main parameters such as p T , T i , T 0 , and β T . Among these parameters, p T and T i are model-independent, while T 0 and β T are model-dependent. We hope to structure a model-independent method to extract T 0 and β T in the near future.
Conclusions
To conclude, the momentum or transverse momentum spectra ofp produced at mid-rapidity in p+He, Au+Au, d+Au, and Pb+Pb collisions over an energy range from a few GeV to a few TeV have been analyzed by the Erlang distribution, the inverse power-law (the Hagedorn function), and the blast-wave fit. In some cases, the usual step function is used to superpose the two-component distribution. The model results are in agreement with the experimental data of the STAR, AL-ICE, and LHCb Collaborations. The values of related parameters are extracted from the fit process and the excitation functions of these parameters are obtained.
The excitation functions of parameters p T , T i , T 0 , β T , and p 0 increase (slightly) from a few GeV to a few TeV and from peripheral to central collisions. These trends render that these parameters describe the excitation and expansion degrees of the system. At high energy and in central collisions, large collision energy is deposited in the system, which results in high excitation and expansion degrees. The excitation function of parameter n shows a slight increase from a few GeV to a few TeV and a slight decrease from peripheral to central collisions. These trends render that the parameter n also describes the contribution fraction of hard scattering process. At high energy and in peripheral collisions, the hard scattering process happens with large probability.
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